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Abstract
In this paper, we investigate spacelike rectifying curves via dilation of unit speed spacelike or
timelike curves on Lorentzian unit spheres in Minkowski 3-space FE3. Then, we define a the
centrode D (s) of a unit speed spacelike curve a(s) in E. In last section, we prove that if a
unit speed spacelike curve «(s) in E? is neither a planar spacelike curve nor a helix, then its
dilated centrode B(s) = pa(s)Da(s), with dilation factor pa(s), is always a rectifying curve,
where p, is the radius of curvature of a.
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1 Introduction

Let a : I — FE3 be a unit speed spacelike curve in Minkowski 3-space Ej with Frenet-Serret
apparatus {Ka, Tas Tas Nay Ba} where ko, 7o, T, No and B, denote the curvature, the torsion, the
unit tangent Ty, the unit principal normal N, and the unit binormal B,, of «, respectively.
Some important types of curves are helices (characterized by 7, = ck, with a nonzero constant
¢), spherical curves (characterized by (p,0a) + Pa _ 0 with pa = K, '=radius of curvature,
Oa

. . P . r .
0o = 75 '=radius of torsion) and finally, rectifying curves given by H—“ = as + b with constants

a #0,0. ¢

The notion of rectifying curves was introduced by B.Y.Chen in [2]. By definition, a regular unit
speed space curve a(s) in E? is called a rectifying curve, if its position vector always lies in its
rectifying plane.

In [7], some characterizations of rectifying curves given by Ilarslan and Nesovic in Euclidean
space. Also, Ilarslan, Nesovic and Petrovic-Torgasev have investigated rectifying curves in Minkowski
space [9].

As spacelike rectifying curves are important, so is the relation between the Frenet-Serret ap-
paratus {Ka, Ta, Lo, Na, Ba} of the spacelike rectifying curve a(t) = f(t)y(t) and that of the unit
speed non-null curve y(¢). In this paper, we derive the Frenet-Serret apparatus of the spacelike
rectifying curve «(t) in terms of that of the unit speed non-null curve y(¢).

Moreover, it is known that centrodes (i.e angular velocity vectors) play some important roles
in mechanics and joint kinematics [1,6,15,17,18]. Regarding the centrode D, = 74Ty — kaBa of
a unit speed spacelike curve in E$, it was shown in [8] that the centrode of a unit speed spacelike
curve v : I — E:f with non-zero constant curvature k., and non-constant torsion 7, is a spacelike
rectifying curve and vice versa.

In [4], rectifying curves as centrodes and extremal curves in Euclidean space are studied by Chen
and Dillen. After them Ilarslan and Nesovic studied rectifying curves as centrodes and extremal
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curves in Minkowski 3-space [8]. In [19], extended rectifying curves in Minkowski 3-space are studied
by Yilmaz, Gék and Yayl.

In this paper, we study the spacelike rectifying curves in Minkowski 3-space. By using similar
methods as in [5] we study spacelike rectifying curve as centrode and dilated centrode.

2 Preliminaries

The Minkowski 3-space E$ is Euclidean 3-space E® provided with the standard flat metric given
by

g = —dz? + da + da?,

where (21, 72, 73) is a rectangular coordinate system of E}. g is defined that a vector v € E$ can be
spacelike if g(v,v) > 0 or v = 0, timelike if g(v,v) < 0 and null if g(v,v) = 0 and v # 0. Moreover,
the norm(length) of a vector v is given by ||v| = 1/|g(v,v)|, two vectors v and w are said to be
orthogonal, if g(v,w) = 0. An arbitrary curve a(s) in E}, can locally be spacelike, timelike or null,
if all its velocity vectors o (s) are respectively spacelike, timelike or null. If g(a/(s), o (s)) = =£1,
the non-null curve « is said to be of unit speed (or parameterized by arc-length function s),.

The Frenet frame {T,,, N, B, } of a unit speed spacelike curve a(s) in E3, with g(a” (), (s)) #
a// (S)

0 for each s, is given by Th(s) = a (s), Na(s) = W,Ba(s) = T,(s) X N4(s). Let us put
9(Tw,T) = 1 and g(N4, No) = € = £1. Then g(Ba,, B,) = —¢ and the following Frenet formulas
hold [12]:

’

’

T} (5)=ra(5) Nas),
NQ(S):_EHQ(S)Ta(S) +Ta(s)Ba(S)a (21)
B, (s)=Ta(8)Ny(s).

Accordingly, the Frenet frame of « satisfies the equations,

T, X No=B,,
N, X Ba=—¢T,, (2.2)
B, xT,=—N,,.

We also recall that the pseudosphere of radius 1 and center at the origin is the hyperquadric in E$
defined by
2= fve Bl glv,v) =1},

and the pseudohyperbolic space of radius 1 and center at the origin is the hyperquadric in E3}
defined by
HZ ={ve E}:g(v,v) =—1}.

Let a = I — E$ be a unit speed spacelike curve with curvature ko # 0 and let {4, 7o, T Nov, B}
be the Frenet-Serret apparatus of a. The distance function f(s) = ||a(s)|| of the spacelike rectifying
curve satisfies

f(s) =Vs?+c1s+ca,
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where ¢; and ¢ are constants and the converse is also true. Moreover, it is also known that the
unit speed spacelike curve « is a spacelike rectifying curve if and only if the ratio of torsion 7, and
curvature k. satisfies,

Ta
— =as+b,
Ra

for some constants a # 0 and b [7].
The centrode of a : I — Ef is defined by,

Da = TaTa - K:ozBou

which is the angular velocity vector of the motion of a mass particle along the spacelike curve «
and it obeys the laws of motion:

T.=Dg4 x Th,
N, =D, x N, (2:3)
B, =D, x B,.

We shall find the curvature x, of the unit speed spacelike curve y(t), which will be used subse-

quent work in this paper. Note that T, = y and that {y,y ,y x '} is an orthonormal frame of E?
and thus using Frenet-Serret formulae for y(t) and

"

y =y+hyxy, (2.4)
with b= g(y",y x y).
From (2.4) we have
’ 1 h ’
Ty=y, Ny=(—y+—yxy). (2.5)
Ky Ry

It follows from the second equation in (2.5) that
Ky =/ |h? —1]. (2.6)

3 Some important results

In this section we recall some theorems from [8,9], which are important for the proofs of theorems
which follow.

Theorem 3.1. Let a = a(s) be a unit speed non-null curve in E. Then the following statements
hold:
(i) « is a rectifying curve with a spacelike rectifying plane if and only if, up to the parameterization,
« is given by

a

olt) = ot a € Ry
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where y(t) is a unit speed spacelike curve lying in S?.
(i) « is a spacelike (resp. timelike) rectifying curve with a timelike rectifying plane and a spacelike
(resp. timelike) position vector, if and only if up to the parameterization, « is given by

a

alt) = sinh(¢)

where y(t) is a unit speed timelike (resp. spacelike) curve lying in S?(resp.Hg).
(iii) « is a spacelike (resp. timelike) rectifying curve with a timelike rectifying plane and a timelike
(resp. spacelike) position vector, if and only if up to the parameterization, « is given by

a

)= —

alt) cosh (t)

where y(t) is a unit speed spacelike (resp. timelike) curve lying in HZ(resp.S?) [9]

y(t),a € Rf,

y(t),a € RY,

Theorem 3.2. The centrode of a unit speed spacelike curve a(s) in Ef, with constant curvature
ke # 0, non-constant torsion and g(a’ (s),a” (s)) # 0 is a spacelike rectifying curve. Conversely,
every unit speed spacelike rectifying curve in E}, is the centrode of some unit speed spacelike curve
with constant curvature ko # 0 and non-constant torsion [8].

4 Spacelike rectifying curves via dilation of spacelike or timelike curves
on Lorentzian unit spheres

In this section, firstly, we assume that « is a spacelike rectifying curve with a timelike position vector

and «(t) = y(t),a > 0,ty € R where y(t) unit speed spacelike curve lying in HZ C E3}

a
cosh(t + to)
centered at the origin. However, if we consider an arc of the great circle, y(t) = (cosht,0,sinht)
and the spacelike curve,

a
) = ——y(t
o) = i
! h(t),0 inh () (0
_ o -
“ cosh(t + to) COSEAER S cosh(t + tg) o ’
then we get the speed v, and the tangent vector field T, of « as
a
Vg = —————, T, = (—-sinh(¢y),0,cosh (¢9)),

e — (- sinh(ts). 0, cosh (to)) (12)

and therefore, the curvature k,, of a is zero. Consequently, a cannot be a spacelike rectifying curve,
as the definition of rectifying curve requires that its curvature non-zero. Therefore, not all spacelike

()
cosh(t + to) 4
are rectifying curves. Therefore, the following theorem can be given according to the above findings.

curves that are dilations of unit speed spacelike curve y(t) on Hg of the type a(t) =

Theorem 4.1. Let y(t) be a unit speed spacelike curve on HZ centered at the origin 0 € E and

let a(t) = )y(t) be a dilation of « spacelike rectifying curve with a timelike position

cosh(t + to
vector and a timelike rectifying plane. The Frenet-Serret apparatus of a:

T, = —sinh(t + to)y + cosh (¢ + to)y/,
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No=yxy,
B, = —cosh (t + to)y + sinh(t + to)y

1
Ko = — cosh®(t + to)y/ k2 + 1,
a
1
T = — cosh?(t + to) sinh(t + o) /K2 +1
a

where k, is the curvature of the unit speed spacelike curve y(t).

a

Proof. By according to hypothesis of the theorem 4.1, the speed of a is given by, v, = —————
cosh”(t + tp)

).
Since {y, y/, Y X y/} is an orthonormal frame of E§ along y(s), we get,

T, = —sinh(t + )y + cosh (t + to)y -
Let s be arc-length parameter for «; then we have,

ds a
dt — cosh?(t +to)

By differentiating of equation T, and using equation (2.4) and Frenet-Serret formulae, we get

a ’
Ko | ——=——— ) No = cosh (t +to)hy Xy ,
(coshQ(H—to)) ( o)hy >y

with h = g(y”, T y/). Therefore, by according to equation (2.6), we get,
1 3
Ko = —cosh®(t + tg)y/ky? + 1,
a
and

No=yXxy.

Now, using B, =T, x N, we get,
By, = —cosh (t + to)y + sinh(t + to)y

withy x (yxy)=-y andy x (yxy)=—y.
After differentiating the equation above and using equation (2.4) and Frenet-Serret formulae we get,

a
TaNa 9,
<cosh2 (t +to)

1
To = — cosh®(t + to) sinh(t + to)4/#,2 + 1.
a

) = sinh(¢ + ¢9)hy X Y,

and it leads to

Q.E.D.
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Theorem 4.2. Let y(t) be a unit speed timelike curve on S? centered at the origin 0 € E} and let

)= ———
() = Fohtt + o)
plane. The Frenet-Serret apparatus of a:

y(t) be a dilation of a with a spacelike position vector and a timelike rectifying

T = — cosh(t + to)y + sinh(t + to)y

No=yxy,
B, = —sinh(t + to)y + cosh (t + to)y

1.
o gsmh?’(ttho),//f%} +1,
1.
Ta =~ sinh? (¢ + to) cosh (¢ + tg) 4 K2+ 1

where k, is the curvature of the unit speed timelike curve y(¢).
Proof. The proof is made in a similar way to theorem 4.1. Q.E.D.

Corollary 4.3. Let y(t) be a unit speed spacelike (resp. timelike) curve on HZ(resp. S%) that

qy(t) (resp. alt) = y(D) is a

is not an arc of the great circle, then a(t) = cosh(t + to)

a
sinh (¢ + to)
rectifying spacelike curve.

5 Centrodes of unit speed spacelike curves

Let a : I — E$ be a unit speed spacelike curve with Frenet-Serret apparatus {ka, 7as Tns N, Ba }
and let D, : I — E$ be the centrode of « defined by

D, =71,T, — kaBa. (5.1)

By differentiating the expression of D, and using Frenet-Serret formulae we get

’ 7’ !
D, = 7. Ts — Ky Ba.

Therefore, the speed vp of centrode D, is given by

vp = V/[(T4)? = €(ka)?|. (5.2)
Hence the unit tangent vector field Tp of the centrode is given by
Tp = hTa _ &Ba- (5.3)
UD UD

Let s be the arc-length parameter and let kp denote the curvature of the centrode. Then, by
differentiating equation (5.3), we get,

omren Ny — (T) - (W) N <H> 5. (5.4)
UpD UpD UpD
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Proposition 5.1. Let o : I — E$ be a unit speed spacelike curve whose curvature s, and torsion
7o satisfy ko # 0 and |(7,)? — e(k,)?| # 0. Then « is a helix if and only if its centrode is a line
segment.

Proof. If the centrode « is a line segment, then equation (5.4) gives T(;Iia = H;Ta and this shows

-
that —= is a constant. Hence « is a helix.

«
Conversely, if « is a helix, then we have 7, = ¢k, for some constant ¢ # 0, and thus equation (5.4)
gives kp = 0. Hence « is a line segment. Q.E.D.

Theorem 5.2. We have:

(a) Let a = a(t) be a unit speed spacelike curve in E? whose curvature k, and torsion 7, sat-
isfy ka,Ta # 0 and |(1,)2 — (k)% # 0. Suppose that a is not a helix. Then the centrode
Dy = 73Ty — kaBo of a is a rectifying spacelike curve if and only if k., and 7, satisfy a non-
homogeneus linear equation ax, — by = ¢, so that a, b, ¢ are constants with a? + b2 # 0 and ¢ # 0.
(b) If s, # 0 for ., # Fr,, and if the centrode D, (t) of a(t) is a spacelike rectifying curve, then
the Frenet-Serret apparatus {kp,7p,Tp, Np, Bp} of the centrode satisfies,

c 1
Tp= ———uT, - B,
V]2 — e |2 — ¢
ND :Nou
1 c
BD = Ta+ Bou
ViR ViR
(Cha — Ta)
KD = 7=~
Ko([c? —el)
—CTo, + Ko

(@ =)

where ¢ = % for ¢ # F1 and a, b are defined as in statement (a).

(c) If 7., # 0 for ., # T, and if the centrode D(t) is a rectifying spacelike curve, then the Frenet-
Serret apparatus {xp,7p,Tp, Np, Bp} of the centrode satisfies,

1 c
TD = Ta+ Bom
V1 + 2l V1 —e%|

ND = Na7

c 1
= < Ta+ Bou
V1 — ¢ |1 —c%¢|
. —CTq + Ka

o 7|1 — %]’

Bp

KD

CKha — Ta
T —_ —
P =

b
where ¢ = — for ¢ # F1 and a, b are defined as in statement (a).
a
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Proof. Let a(t) be a unit speed spacelike curve in E} whose curvature k, and torsion 7, satisfy
Ko, T 7 0 and |(7,)? — e(k,)?| # 0. Suppose that « is not a helix. By according to equations (5.2)
and (5.4), we get,

’ ’

PN K ’
UDHD<ND7DO¢> = Ta(i) _Eﬁa(i) . (55)

Since « is not a helix, —= is non-constant. Hence, by according to proposition 5.1, we have kp # 0

Ka
and as /|(7))? — e(k,,)?| # 0. Therefore equation (5.5) implies that,

’ ’
.
& ) — eka

Ra ’
Ta( Y 2 ( 72 2 ) =
(76)? — e(ka)?| VI(7e)? — e(rq)?|

holds identically if and only if (Np, D,) = 0 holds identically. Consequently, the centrode D,, of «
is spacelike rectifying curve if and only if equation (5.6) holds.
Now we shall solve differential equation (5.6). Since |(7,)?—&(k,)?| # 0, we have (1,,)2 —&(k,)? # 0.
Consequently, we have Case 1,2,3 and 4.
Case (1): Let us assume that ¢ = —1 and k,, # 0. In this case we define a function g; by

g1(t) = tan™! (:}‘) . (5.7)

0, (5.6)

From (5.7), we get

’ ’

sin g (t) = - Ta fa . (5.8)

(10)% + (80)? IRV CAE

Hence, the equation (5.6) is equivalent to

(Ta(cos g1(t)) — Ka(sin g1())g (1) = 0. (5.9)
If 74 (cos g1(t)) — Ka(sin g1 (t)) = 0 we have,

7o _tang(t) = 2,

(03

=

(03

which implies that — is a constant. However, this is impossible since the spacelike curve « is not
(o7

a helix. Therefore, we obtain g;(t) = 0 from (5.9), and thus g;(t) is a constant. Consequently,

’ ’ .
T, = c1k, for some constant ¢;. If we put ¢; = — for constants a,b. Then, we obtain ak, — b7 = ¢
« « b ) b)

-

for some constant c. Since — is non-constant, we must have ¢ # 0 and hence a? + b* # 0.
Ko

Case (2): Let us assume that ¢ = —1 and 7, # 0. In this case we define a function g, by

go(t) = tan™! (%) : (5.10)

Ta
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From (5.10), we get

’ ’

B — (5.11)

il , cosga(t) = -
—

Similarly, we know that equation (5.6) is equivalent to,
(—Ta(sin g2 (1)) + ra(cos g2(t)))ga(t) = 0.

If —7,(singa2(t)) + Ka(cos g2(t) = 0 we have

’

=

o tang(t) = o

Ta

@\‘

Now, by appyling a similar argument as Case 1, we obtain ak, — b7, = ¢ for some constants a, b, ¢
with a? 4+ b2 # 0 and ¢ # 0.
Case (3): Let us assume that ¢ =1 and 7, # £k, # 0. In this case we define a function g3 by

g3(t) = tanh ™" (;‘)‘) (5.12)

From (5.12), we get

sinh g5(¢t) = - = . (5.13)

(70)? = (8a)?|

Similarly, we know that equation (5.6) is equivalent to,

, coshgs(t) = -
-

(7a cosh g3(t) — kq sinh g3())gs(t) = 0.
If 74 (cosh g3(t)) — Ka(sinh g3(t)) = 0 we have

’

Qﬂ

7o _ tanh gs(t) =

Ra

’
&3

=

Now, by appyling a similar argument as Case 1,2 we obtain ak, — b7, = ¢ for some constants a, b, ¢
with a? 4+ b2 # 0 and ¢ # 0.
Case (4): Let us assume that ¢ = 1 and 7, # £k, # 0. In this case we define a function g4 by

Ta

94(t) = tanh ™" (H“> : (5.14)

From (5.14), we get

sinh g4(t) = - —_— (5.15)

[(70)? = (5a)?|
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Similarly, we know that equation (5.6) is equivalent to,

(7o sinh ga(t) — ko cosh ga())g4(t) = 0.
If 74 (sinh g4 (t)) — Ka(cosh g4(t)) = 0 we have

/

=

fa _ tanh g4 (t) = —*.
Ta T,

Now, by appyling a similar argument as Case 1,2,3, we obtain ak, — b7, = ¢ for some constants
a,b,c with a? + b # 0 and ¢ # 0.
Conversely, if k. and 7, satisfy ak, — bT, = ¢ for some constants a, b, ¢ satisfying a? 4 b? # 0
and ¢ # 0, then k, and 7, satisfy the differential equation (5.6). This proves statement(a).
Assume that the centrode D, (t) is a spacelike rectifying curve. Then statement (a) implies that
the curvature and torsion of «(t) satisfy a non-homogeneous linear equation

akq — b1o = ¢,
for some constants a, b, ¢ satisfying a? + b? # 0 and ¢ # 0. In particular, we have (i) b # 0 or (ii)
C(szésg (i): b # 0. We find from (5.12) that
o= # 41, (5.16)
Therefore we get from (5.2) and (5.3)

vp = k]2 — €, (5.17)

Tp

c 1
= Ta_ Ba.
V02 —¢l V]2 =gl

Consequently, equation (5.5) reduces to

/ Chao — T,
~2 _ « «@
KoV |? —elkpNp = ——=N,,

[c® el

i (Cha — Ta)
P (@)

By using equations (5.15), (5.16) and Bp = Tp x Np we get,

Np = Na. (5.18)

1 c
T
V@ e e

which on differentiation and using Frenet-Serret formulae gives,

BD:— Bav

—CTy + Ka
™D = 7 7~ <
o ([ —el)
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This proves statement (b).
Case (ii): a # 0. From (5.14) we have x,, = ¢r,

similar to Case (i) to obtain statement (c). Q.E.D.

b
,¢ = — # +1. Thus we may apply a method
a

Remark 5.3. The condition ak, — b7, = ¢ with a? +b% # 0 and ¢ # 0 given in theorem 4.1(a) has
been used by Lucas and Ortega-Yages in [13] for their study of Bertrand curves in the Euclidean
3-space E® or Lorentz-Minkowski 3-space L3.

Remark 5.4. Let a(t) be the unit speed spacelike curve of theorem 5.1 with oy, , 70 (T F # K,

such that the centrode D, of « is a spacelike rectifying curve. Then as 7' = CIﬁ: with ¢F # 1, we

~ Ta
get Ckg = To + ¢1 for a constant ¢; # 0 (as — is non-constant), that is, ¢k, — 7, = ¢1. Moreover,
Ra

ds
the arc-length parameter s of the spacelike rectifying curve D,, satisfies pri \/\c — €| which
gives

s = Ko/ |2 — €|+,

for a constant b. Thus after using the expressions of curvature and torsion of D, we obtain,

™D —CTo + Ko  —CTgq + Ka —C Ko
— == = = —(ck —e1) + —,
KD CRa — Ta C1 C1 C1
~2 ~2
—c“+1 . —c+1 s—b -
= ( )K/a +c= ( ) +c,

c1 c1 Vi

= As+ B,

-
where A # 0, B are constants. Thus, the ratio “L is a linear function of the arc-length s as
K

D
required by a spacelike rectifying curve (cf. [2, Theorem 2]).

Also, we get
172 — er?| = |(Cha — €1)? — eka?| = |K2(E? — €) — 2Cc1kha + 1],
e b)? . (s—b
=|c 2 _€|(A27) _ QCch _|_C%,
|c? — el Ve — ¢
= 52 + )\18 + )\2,
where A1, Ay are constants in Ej. Therefore the distance function f(s) = ||Dq|| of the spacelike

rectifying curve D, satisfies f(s) = v/s%2 + A\1s + Aa, as required by a spacelike rectifying curve.
Note that similar arguments hold for a unit speed spacelike curve a(t) with 7, # 0 (instead of
ke # 0) and with a spacelike rectifying centrode.
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Corollary 5.5. Let o : I — E$ be a unit speed spacelike curve whose curvature k,, and torsion 7,

’ Te ’ ~ o~ .
satisfy x, # 0, — non-constant, and 7,, = Ck,, ¢ # F1 being a constant. Then the centrode D,
K

(6%
. . e . a . bis+
of a is a spacelike rectifying curve with curvature kp = +=—- and torsion 7p = ———— for some

[0} e

constants a, b; # 0 and ¢;.

Proof. Under the hypothesis of the theorem, we have

D _ —CTo + Ka
KD Cha — Ta
which implies
TD \2 /6\2 -1 2 2
1-— (5 = m(:‘ia — Ta). (519)

-~

’ ~ . Ta .
Ck,,, we have ¢k, — T, = cp, where ¢ is non-zero constant (as — is non—cons‘caunt)7
Ra

’
Now, as 7, =

and from equation (5.19), we get
KL —TH -1,

= . 5.20
K2 — T2 c? *D (5.20)
By according to equation (5.19), we find
~2
2 2 c -1 2 2
K —Th = — Ko — T2,
D ™D (KQ)Q(EQ . 6)2( « Toz)
that is,
K% —Th 2

A )
After combining this equation with equation (5.20), we get
(i) If T,,, N, are spacelike vectors and B,, is a timelike vector, i.e. ¢ = 1, then we have

2 2
5 c5

(kp)2(@ — 12 (k)2

W2 =

where ¢y is a non-zero constant. Therefore we obtain the required expression for the curvature xp
of the spacelike rectifying curve D,,.
(i) If T,,, B, are spacelike vectors and N, is a timelike vector, i.e. € = —1, then we have

2 2
W2 = o _ .4
P 2@ 412 (5o

where c3 is a non-zero constant. Therefore we obtain the required expression for the curvature xkp
of the spacelike rectifying curve D,,.

The arc-length function s of the spacelike rectifying curve is given by s = ko +/|¢? — g| +¢3 for a
constant cs and consequently, using the expression for torsion 7p in statement (b) of theorem 5.1,
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we derive that

o —CTq + Ko —C(Cka — Co) + Ka
R kol2 —e|

9 ~ ~
(—c VKo + CCo - 2 | (s —c3) cco .

+
Kalc® — e Fa VIEZ—¢ll@2—e|  P—e¢

(i) If T,,, N, are spacelike vectors and B,, is a timelike vector, i.e. € = 1, then we have

™D = ——3 [ — CCp,
Ko V2 —1
Cc48 + C5
== ’ b
K’a
where ¢4 # 0 and c¢5 are constants.
(i) If Ty, B, are spacelike vectors and N, is a timelike vector, i.e. ¢ = —1, then we have

i[(—/c\2+1)(8—03)_ cco
Ko VE+I@+1)  (@+1)

cgS + c7

’ I

Ko

where cg # 0 and c¢7 are constants. Q.E.D.

Remark 5.6. A result similar to corollary 5.1 holds for a unit speed spacelike curve satisfying

’ T ’ 7 . _
T, # 0, — non-constant, and k., = ¢r, with constant ¢.
Ko ‘

6 Dilated centrodes as spacelike rectifying curves

Finally, we study the dilated centrode of a unit speed twisted spacelike curve a : I — E} with
Ka > 0,74 # 0. The dilated centrode of a(t) is defined by

Ta(t)
Ka(t)

where D, = 7,1y, — ko Bq is the centrode and p, = n;l is the radius of curvature of o spacelike
curve.

B(t) = pa(t)Da(t) = T, — B,, (61)

Theorem 6.1. Let o : I — E} be a unit speed spacelike curve with curvature x, > 0. If « is
neither a planar spacelike curve nor a helix, then the dilated centrode S(t) = pa(t)Da(t) of is «
spacelike rectifying curve.

Proof. Let a: I — E$ be a unit speed spacelike with curvature x, > 0. Suppose that « is neither
a planar spacelike curve nor a helix. Consider the dilated centrode of defined by (6.1). By differ-
entiating equation (6.1) and using Frenet-Serret formulae, we get

’ ’

(B) = (paTa) Ta,



24 B. Dogan Yazici, S. Ozkald Karakus

and since « is not a helix, we have (pa7a) # 0. Thus the dilated centrode 3(t) is a regular spacelike
curve whose speed vg and unit tangent vector field T are given respectively by

g = (paTa)/a
v (6.2)

Let {kg, 73,13, Ng, Bg} be the Frenet-Serret apparatus of 8. Then after differentiating equation
(6.2) we find,

HB(/)aTa),NB = KalNa,

and
Ra

(paTa)/ ’
Using equations (6.1) and (6.3) we find that (8, Ng) = 0, that is, the dilated centrode 3 is a

spacelike rectifying curve. This proves the theorem.
Note that if follows from (6.2) and (6.3) that Bg = B, and that,

Kg = Ng = N,. (63)

Ta

PaTa) .

Tg = ( (6.4)

Q.E.D.

Remark 6.2. Let o : I — E3 be a unit speed spacelike curve with Frenet-Serret apparatus
{kasTasTay Na, Ba}, £a > 0,74 # 0 and (paTa)l # 0. Then according to theorem 6.1, the
spacelike curve S(t) = paTala — Ba is a spacelike rectifying curve whose Frenet-Serret appara-
tus {kg, 78,13, Ng, Bg} is given by equations (6.2) and (6.3). If s is the arc-length of /3, then by
equation (6.2) we have s = £p,74 + ¢ for a constant c¢. The distance function f(s) = ||3(s)| in
view of equation (6.1) is given by

£(8) = VI(pama)? =l = V(s = 2 + (=) = Vs* + 15 + e,

where ¢; = —2¢,co = ¢ — . Hence the distance function f(s) of the spacelike rectifying curve 3
has the form described in [2].
Similarly, using equation (6.3) and (6.4), we get,

5 _Ta =F(s—c)=as+b,

Kg Ka
where a # 0,b are constants. Therefore the ratio of torsion and curvature of the spacelike rectifying
curve 3 is the linear function of the arc-length [2].

Example 6.3. Let the curve o : I — E$ defined by

t2
a(t) = (cosht,sinht, 5)

The speed, unit tangent vector field, and curvature of « given respectively by

1 24+ 2
Vo =VE2+1, T,= sinh(t),cosht, t), ko= —-—r
vﬁ+1( () ) (t2+1)2
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for ¢ > 1 and the principal normal vector field

1
N, = t?> + 1) cosht — tsinht, (t> + 1) sinh ¢t — ¢t cosht, 1).
(t2+1)(t2+2)(( ) ( ) )

The binormal vector field and torsion of a are

1 —t
B, = tsinht — ht,tcosht —sinht, —1 = —.
o \/m( sin cosht, tcos sinht, —1) 7, o

Consequently, we have k,, > 0 and that « is neither a planar curve nor a helix. Hence, by theorem
6.1, the dilated centrode

of «a is a spacelike rectifying curve.
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